Abstract. A class of Noetherian Hopf algebras satisfying a polynomial identity is axiomatised and studied. This class includes group algebras of abelian-by-nite groups, nite dimensional restricted Lie algebras, and quantised enveloping algebras and quantised function algebras at roots of unity. Some common homological and representation-theoretic features of these algebras are described, with some indications of recent and current developments in research on each of the exemplar classes. It is shown that the nite dimensional representation theory of each of these algebras H reduces to the study of a collection Alg(H) of ( nite dimensional 
Introduction
My aim in this paper is to review some common properties exhibited by four large and important classes of Noetherian Hopf algebras which are nite modules over their centres. In so doing I will point out ways in which each class behaves in ways distinctive from the others, but I also hope to highlight some traits which occur in all four classes, and suggest that there may be single theorems underlying at least some of these shared features. For the most part this paper is a survey of known results. A few new results are scattered through the text, but what novelty there is here rests primarily in the new perspective obtained by bringing together results from several previously distinct areas.
Throughout, K will denote an algebraically closed eld. The four classes of examples I have in mind are the following:
(A) Let ? be a nitely generated group with a normal Abelian subgroup A of nite index, and let H be the group algebra K?.
(B) Let K have positive characteristic p, let g be a nite dimensional restricted Lie algebra over the eld K, and let H be the enveloping algebra U(g).
(C) Let K have characteristic zero, and let g denote a nite dimensional semisimple Lie algebra over K. Let`be an odd integer which is greater than 2, and is prime to 3 if g contains a factor of type G 2 . Let be a primitive`th root of 1, and let H be the quantised enveloping algebra U (g) associated to g and .
(D) Let K have characteristic zero and let G be a connected, simply connected, semisimple Lie group de ned over K. Let`and be as in (C). Let H be the quantised function algebra O G].
The above list is intended to be illustrative rather than exhaustive, and indeed there are other classes of examples which fall within the boundaries laid down by the axioms listed below -for example, certain subHopf algebras of the quantised enveloping algebras (C), and certain factor algebras of the function algebras (D). The basic references I shall use for these classes are : 45] (D) . For the reader's convenience I recall some details of the relevant de nitions in (2.1).
We begin by isolating the following properties exhibited by each of these classes of algebras. (Both the labelling of the classes above and the numbered hypotheses below will remain xed throughout the paper.) Thus we shall consider a K-algebra H such that (H1): H is a K-a ne K-Hopf algebra; (H2): H satis es a polynomial identity; (H3): H has nite injective dimension as a (right and left) H-module; (H4): H is (right and left) Noetherian.
Our standard references for Hopf algebraic results will be 41], 54]. We'll denote the comultiplication, counit and antipode of a Hopf algebra by , and S respectively, and follow the convention of writing (h) = P h 1 h 2 . The antipode will be assumed to be a bijective map. (Note in passing that the existence of a bijective antihomomorphism from H to H ensures that hypotheses (H3) and (H4) follow from their one-sided analogues.)
The paper is organised as follows. In x2 I recall enough key properties of the algebras in classes (A),: : : ,(D) to show that they satisfy the hypotheses (H1),: : : ,(H4). The injective dimension hypothesis (H3) is considered further in x3 where I show that, when coupled with the other hypotheses, it yields strong homological restrictions on the algebras in question, namely the Auslander-Gorenstein and Cohen-Macaulay properties. x3 includes also the de nitions of these properties and a discussion of their usefulness. The remaining two sections, xx4 and 5, are concerned with the representation theory of algebras satisfying (H1),: : : ,(H4). In fact in order to make progress we're obliged at this stage to introduce various further (possibly super uous) additional hypotheses, all satis ed by our four classes of examples (except for the need to exclude group algebras at certain points). We begin x4 by explaining how to reduce the nite dimensional representation theory of an algebra H satisfying our hypotheses to the study of a collection Alg(H) of nite dimensional algebras attached to H. In practice, a geometric perspective is crucial for a proper understanding of Alg(H) -we introduce this point of view in x4 and go on in x5 to review several topics -the Azumaya locus, the Kac-Weisfeiler conjecture, support varieties and representation type -from this angle. Scattered throughout the paper I've included some questions which -I hope -may help to motivate future research in the area described here. .) The (simply connected form of the) quantised enveloping algebra U (g) is the K-algebra on generators fE i ; F i ; K 1 i : 1 i ng, where n = rank(g), with the relations, for all i and j, To complete the proof of (1) it remains to prove that (H3) holds for each class. This can be achieved on a class-by-class basis -for (A) and (B) the result is well-known, and for (C) and (D) a substantially stronger result is proved in 7, Propositions 2.2 and 2.7]. But I will instead deduce (H3) here in a more uni ed way, as an immediate consequence of (2) and (4) and Proposition 2.3 below (which is a generalisation of the well-known result that a nite dimensional Hopf algebra is self-injective).
2.3.
Proposition. Let H be a K-Hopf algebra which is a nite module over a commutative normal a ne sub-Hopf algebra S. Then H has nite injective dimension m, where m is the Krull dimension of S.
The key ideas in the proof of this proposition are as follows. (A detailed proof will be given in 4].)
Step 1: S, being a commutative a ne K-Hopf algebra, is Gorenstein. This is clear in characteristic zero, since then a ne group schemes are smooth 54, Theorems 11.4, 11.6].
In positive characteristic p choose a positive integer n large enough so that the image C of S under the nth power of the Frobenius map has no non-zero nilpotent elements. Then C is smooth 54, Theorem 11.6] and S is a nite C-module, so that S is Gorenstein by a special case of Steps 2 and 3 below.
Recall 
An even more obvious question than Question A concerning (H3) is:
What is (H3) good for? (5) To answer this we need to recall some important homological concepts.
De nitions: Let R be a ring and M a right R-module. (iv) If R is Auslander-Gorenstein and has nite global dimension then R is said to be Auslanderregular.
(v) The ring R is said to be Cohen-Macaulay (with respect to the Krull dimension K-dim(?)) if, for all non-zero Noetherian R-modules M
Useful sources for the basic ideas and results involving these concepts are 1], 2], 3], 37]. One should think of`Auslander-Gorenstein Cohen-Macaulay' as the appropriate generalisation to a non-commutative setting of the Gorenstein property (that is, R R has nite injective dimension) for a commutative Noetherian ring. Having nite injective dimension is a relatively weak attribute of a non-commutative ring, and it's only by imposing these stronger hypotheses that one can obtain analogues of the commutative results. Note that, in contrast to the commutative case, the Auslander-Gorenstein condition doesn't imply the Cohen-Macaulay -for example,
The Cohen-Macaulay property provides a bridge between the homological properties of a module and its`size'. Other measures of size can be -and have been -used here in place of Krull dimension to obtain variants of the above de nition. The chief such variant uses Gelfand-Kirillov dimension, G-Kdim(?), as in 37, 5.8] for example. But since the two dimensions coincide for nitely generated modules over an a ne Noetherian PI ring 40, 13. Step 2: Let W be an H-module with dim K (W ) = r < 1. Then (6) and hence, in particular, (H1) and (H5) imply that H is a faithful projective S-module.
For technical reasons we are obliged to introduce a third hypothesis at this point, to accompany (H1) and (H5). Namely, we'll require that (H6): if P is a maximal ideal of H then P \ S is a semimaximal ideal of S. Note that if P is a maximal ideal of an algebra H satisfying (H1) and (H5) then S=P \ S is a nite dimensional K-algebra. If S is central rather than simply normal then of course P \ S is maximal and (H6) is super uous. Similarly, (H6) is easily seen to hold in case (A) 44, Lemma 14.1], or indeed in any case where H is generated as an S-module by group-like elements. But it seems to be an open question whether (H6) is a consequence of (H1) and (H5) in general. We note for future use that, if (H1), (H5) and (H6) hold and P is a maximal ideal of H, one can show easily that if P \ S I C S and IH = HI 6 = H; then I = P \ S: (8) An important mechanism whereby a Poisson bracket may be de ned on the centre of an algebra H occurs when H is a specialisation, say H = U=hU, with h a central non-zero divisor of the K-algebra U. (4) Case (A), H = K? isn't included in the above table because it's not clear to me how to incorporate those group algebras (even for K = C ) in the same symplectic leaf formalism as the other cases. It should nevertheless be true that for a given group algebra H, Alg(H) will also in this case contain only nitely many isomorphism classes, and in fact I've checked this when ? is the semidirect product of A by a nite group. Another noteworthy special case: when the characteristic of K is coprime to the order of ?=A all the algebras in Alg(H) are semisimple, so it's trivial that there are only nitely many possible isomorphism classes.
It's natural to look for a common proof of the above niteness results. We therefore ask (4.1). The discussion in the previous paragraphs suggests that our approach to the representation theory of H should be constructed using the interplay between the nite dimensional representation theory of H and each of: the geometry of Z(H) and the geometry of S. Note that the geometry of S should be taken to include its Hopf structure as well as whatever compatible symplectic structure it may possess. Of course, connections with Z(H) will only be signi cant when H is a nitely generated Z(H)-module, as is the case in each of our classes of examples (A), : : : , (D). We'll thus want to impose in the rest of this paper the hypothesis (H7): H is a nitely generated Z(H)-module.
It's possible that (H7) is already a consequence of (H1), (H2) and (H4). That is, we ask
Question E: Is every a ne Noetherian Hopf K-algebra which satis es a polynomial identity a nitely generated module over its centre?
It may perhaps be more reasonable to ask if (H7) is always true for a Hopf algebra containing a large commutative sub-Hopf algebra -that is, does (H7) follow from (H1) and (H5)? A possible route from these hypotheses to (H7) would follow the group algebra case (A), where, when K? is prime, the centre of K? is precisely the K-algebra of ?=A-invariants of A. Thus we're led to ask whether, in the notation of (4.1) 5. Connecting representations with geometry 5.1. In x5 I will examine some of the strands connecting the three themes in (4.6). I will continue throughout to assume hypotheses (H1), (H5) and (H7). That is, H is a Hopf K-algebra which is a nite module over a commutative a ne normal sub-Hopf algebra S, and H is a nitely generated module over its centre Z(H). In addition, for technical simplicity in (5.2) and (5.3) we'll assume that 
where Q(R) denotes the Goldie quotient ring of the (prime Noetherian) ring R. (and so dense) subset of Maxspec(Z(H)). A rst step towards achieving our (Aim) of (4.2) is thus to identify this subset, so that we can thereafter concentrate e orts on its complement, the (proper, closed) subset of Maxspec(Z(H)) over which the representation theory is non-trivial. (10) by an application of Nakayama's lemma to the Z(H) p -module H p . This proves (11) .
Consider for a moment the special case where S is a central subalgebra of H, as in cases (B), (C) and 5.4. In many cases the Azumaya locus can be linked with the geometry of Z(H) using the following result. We write, for a commutative Noetherian ring A, Theorem. (Premet, 46 Such a description should -at least -say how many distinct isomorphism classes of irreducibles there are for each algebra in Alg(H), and give the dimensions of these modules. Naturally, at this level of detail an axiomatic approach of the sort discussed in this paper will quickly run into the sand, and one is theefore obliged to treat each class separately. Nevertheless it may well be that some common features will be found; so although it's not central to the theme of this paper I will brie y indicate where matters stand in this endeavour for classes (B), (C) and (D . At the present time the dimensions of the irreducible U(g)?modules are not known in general; nor is it known whether, for arbitrary 2 g , there exists an irreducible U(g)=m U(g)-module of \minimal" dimension -that is, equal to the lower bound given by Premet's theorem, (5.4). For simple Lie algebras of non-classical type almost nothing is known about the irreducible modules apart from isolated calculations -for example, even the PI degree of U(g) has not in general been determined.
For the quantised enveloping algebras (C) very little seems to be known when one moves away from the restricted quantised enveloping algebra U (g) and from the Azumaya locus; but the expectation is that the description of the irreducibles eventually obtained will be similar to that for enveloping algebras of classical simple Lie algebras in positive characteristic. In case (D), quantised function algebras, the task of describing the irreducible modules has essentially been completed, thanks to the work in 13]. Not only are the dimensions and numbers of the irreducible modules for a given member of Alg(H) known (in terms of Weyl group data), but a sort of inductive procedure can be described for constructing the modules. In both cases the complexity of all members of Alg(H) is known, and can be described in terms of (respectively) conjugacy classes in g and elements of the Weyl group, thanks to the table in (4.5). All the occurrences of algebras of nite type in Alg(H) are known and described for both these classes of algebra H, and the only remaining ambiguity at the time of writing lies in the possibility that some tame algebras might appear at complexity 2.
